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Abstract

Damage detection can be performed by detecting changes in the modal parameters between a reference state and the cur-
rent (possibly damaged) state of a structure from measured output-only vibration data. Alternatively, a subspace-based damage
detection test has been proposed and applied successfully, where changes in the modal parameters are detected, but the esti-
mation of the modal parameters themselves is avoided. Like this, the test can run in an automated way directly on the vibration
measurements. However, it was assumed that the unmeasured ambient excitation properties during measurements of the struc-
ture in the reference and possibly damaged condition stay constant, which is hardly satisfied by any application. A new version
of the test has been derived recently that is robust to such changes in the ambient excitation. In this paper, the robust test is
recalled and its performance is evaluated both on numerical simulations and a real application, where a steel frame structure is
artificially damaged in the lab.
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1 Introduction

In the last twenty years, monitoring the integrity of the civil infrastructure has been an active research topic, including in connected
areas such as automatic control, for mastering the aging of bridges, or the resistance to seismic events and the protection of the
cultural heritage. The structural response to unknown ambient excitation is measured, and vibration-based monitoring can be
performed under the premise that changes in the structural properties due to damage lead to changes in the eigenstructure of
a system. Since the ambient excitation is unknown, it can change during the monitoring of a structure, e.g. in changing wind or
traffic conditions. The focus of this paper is damage detection under possible changes in the ambient excitation.

A standard approach for damage detection is modal parameter identification and their comparison to a reference state of the
monitored structure, e.g. as in [8, 11]. The modal parameters are not afflicted by different ambient excitations, but their automatic
estimation and matching from measurements of different states of the structure might require an extensive preprocessing step.

In this paper we consider the subspace-based damage detection approach developed in [2, 3, 5, 6]. With this approach,
a data-driven model obtained in the reference state is compared to data from the possibly damaged state using a subspace-
based residual function and a χ2-test built on it for a hypothesis test, without actually estimating the modal parameters in the
tested, possibly damaged states. This has the advantage that the computations in the tested (possibly damaged) state are fully
automated. The computed χ2-value is compared to a threshold to decide if damage occurred or not.

Since this kind of methods process the measurement data in a much more direct way, the original algorithms from [2, 3] have
the drawback of being influenced by changes in the unknown ambient excitation, which may lead to false alarms. Recently, the
original algorithms have been extended and modified to be robust under such changes in the excitation in [6]. This approach
has been shown to be promising under changing excitation in numerical simulations [7, 12, 6]. It is the purpose of this paper to
validate the new approach on a case study in the lab under different excitation levels.

This paper is organized as follows. In Section 2, the basics of the considered damage detection approach are presented
and in Section 3 the extension from [6] that is robust to changing ambient excitation. In Section 4, a numerical application is
presented on a simulated truss, as well as a case study on a steel frame structure in the lab that was artificially damaged. Finally,
concluding remarks are given in Section 5.



2 Subspace-based damage detection

2.1 Models and parameters

The behavior of a structure is assumed to be described by a linear time-invariant (LTI) dynamical system

M Ẍ (t)+CẊ (t)+K X (t) = υ(t) (1)

where t denotes continuous time, M ,C ,K ∈ Rd×d are the mass, damping and stiffness matrices respectively and X ∈ Rd

collects the displacements of the d degrees of freedom (DOF) of the structure. The external and non-measured force υ(t) is
modeled as white noise.

Let the system (1) be observed at r coordinates, e.g. with accelerometers. Discretizing system (1) in time and transformation
to a first order system leads to the discrete time state-space model{

xk+1 = Axk + vk
yk = Cxk +wk

(2)

with the states xk ∈Rn, the outputs yk ∈Rr, the state transition matrix A∈Rn×n and the observation matrix C ∈Rr×n, where r is
the number of sensors and n is the system order. The excitation vk is an unmeasured Gaussian white noise sequence with zero

mean and (during a measurement) constant covariance matrix Q: E(vkvT
k′)

def
= Qδ(k− k′), where E(·) denotes the expectation

operator, and wk is the measurement noise.

2.2 Properties from subspace-based system identification

For the damage detection method in [2, 3] a residual function is constructed based on properties from covariance-driven output-
only subspace-based system identification [13, 10].

Let G=E(xk+1yT
k ) be the cross-covariance between the states and the outputs, let Ri =E(ykyT

k−i)=CAi−1G be the theoretic
output covariances and

Hp+1,q
def
=


R1 R2 . . . Rq
R2 R3 . . . Rq+1
...

...
. . .

...
Rp+1 Rp+2 . . . Rp+q

 def
= Hank(Ri) (3)

be the theoretic block Hankel matrix of size (p+1)r×qr, where parameters p and q are chosen such that min{pr,qr} ≥ n with
often p+1 = q. Matrix Hp+1,q possesses the well-known factorization property

Hp+1,q = Op+1Cq (4)

into the matrices of observability and controllability

Op+1 =


C

CA
...

CAp

 , Cq =
[
G AG . . . Aq−1G

]
. (5)

From the observability matrix Op+1, the matrices C and A could be recovered [13, 10] and subsequently the modal parameters.
However, the fact is used that damages lead to changes in A and C and subsequently in Hp+1,q through properties 4 and 5,
which will be directly checked in a statistical test, instead of doing system identification.

2.3 The damage detection test

In the following, the non-parametric damage detection test [1] based on [2, 3] is described. Using measured data (yk)k=1,...,N , a

consistent estimate Ĥp+1,q of the Hankel matrix is obtained from the empirical output covariances

R̂i =
1
N

N

∑
k=1

ykyT
k−i, Ĥp+1,q = Hank

(
R̂i

)
. (6)



Let Ĥ ref
p+1,q be the Hankel matrix in the reference state. Compute its left null space S from the singular value decomposition

(SVD)

Ĥ ref
p+1,q =

[
Û1 Û0

][∆̂1 0
0 ∆̂0

][
V̂ T

1
V̂ T

0

]
(7)

as S = Û0, where ∆̂1 is of size n×n and where ∆̂0 ≈ 0.
The characteristic property of the reference state then writes as

ST Ĥp+1,q ≈ 0, (8)

while the product deviates from 0 in the damaged state. To decide whether measured data corresponds to the reference state
or not, the residual vector ζ with

ζ =
√

N vec
(

ST Ĥp+1,q

)
(9)

is defined [2, 3]. It is tested if this residual is significantly different from zero or not, using the χ2 test

χ
2
ζ
= ζ

T
Σ
−1
ζ

ζ, (10)

where the empirical residual covariance Σζ = cov(ζ) is computed on several datasets from the reference state. To decide if
damage occurred or not, the test value χ2 is compared to a threshold, which can also obtained from χ2 test values on several
datasets from the reference state.

3 Robust damage detection test under changing excitation

A change in the covariance Q of the unmeasured ambient excitation vk of system (2) provokes a change in the the cross-

covariance G between the states and the outputs and thus in the Hankel matrix estimate Ĥp+1,q (see (3)), even if no structural
change occurs. Hence, the residual ζ and the corresponding test value χ2 are influenced by changes in the ambient excitation,
which may lead to false alarms.

Due to these reasons, a robust variant of the presented damage detection test was derived in [6]. It is based on the property

that the Hankel matrix Ĥp+1,q and the matrix of its principal left singular vectors Û1 (see SVD in (7)) share the same left null
space S – another characteristic property of the reference state can be written as

ST Û1 ≈ 0,

analogous to (8). While the Hankel matrix Ĥp+1,q is dependent on the ambient excitation properties, matrix Û1 is a matrix with
orthonormal columns and thus can be regarded as independent of the excitation properties. Note that matrix Û1 is defined by a
unique SVD (e.g. by forcing the first entry in each column to be positive) to ensure no changing modal basis.

Since Û1 is independent of the excitation, a robust residual vector is defined as

ξ =
√

N vec
(

STÛ1

)
(11)

is defined [6]. It is tested if this residual is significantly different from zero or not, using the χ2 test

χ
2
ξ
= ξ

T
Σ
−1
ξ

ξ, (12)

where the empirical residual covariance Σξ = cov(ξ) is computed on several datasets from the reference state as detailed in [6].

4 Applications

4.1 Numerical application: simulated truss structure

A truss model with 25 DOF (see Figure 1) was considered in a first numerical application as in [6]. The output data was generated
at six sensor positions in vertical direction at the lower chord by exciting the structure at the same positions with white noise.
The excitation noise at these six positions was generated with a diagonal covariance matrix Q, whose diagonal entries were
randomly chosen from a uniform distribution in the interval [1,36]. 5% white noise were added on the generated outputs.
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Figure 1: Truss structure with six sensors.

Damage was simulated by decreasing the stiffness of element 16 in a first step by 10% and in a second step by 20%, leading
to a decrease of the structure’s natural frequencies of up to 1.0% and 2.2% compared to the reference state, respectively. In the
reference state, the null space S and the residual covariance Σζ (for the conventional test (10)) and Σξ (for the robust test (12))
were computed on 10 data sets to set up the parameters of the damage detection tests.

In each structural state, data sets of length N = 25000 at a sampling frequency of 50 Hz were generated. To compare both
damage detection tests under changing excitation, 100 new data samples were generated with random excitation covariance in
the reference and both damaged states, on which the χ2-tests were computed in Figure 2. For each of the compared tests, an
empirical threshold was computed from the χ2-values of the reference state allowing a 5% type I error (horizontal dashed line).
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(b) New robust test (12).

Figure 2: Comparison of damage detection tests on simulated truss structure (log-scale).

As can be seen in Figure 2(a), the damage detection fails with the conventional test under changing excitation properties,
while the new robust damage detection test in Figure 2(b) manages to separate the reference state from the damaged states
very well.

4.2 Laboratory application: Steel frame structure

A test series has been performed at a jacket-like steel structures within the lab facilities of BAM to verify the usability, reliability
and robustness of the introduced damage detection algorithm under changing excitation properties. The test structure provides
the ability to gradually and reversibly increase artificially induced structural damage. The test stand can be used to analyze vi-
bration based damage identification methods or just the sensitivity of single parameters influencing the identification of structural
damage.

4.2.1 The lab structure and damage modeling

For the lack of options to test damage identification methods on real size civil engineering structures it is common to experimen-
tally analyze newly developed procedures on scaled medium size laboratory structures. This is especially true for new structural
types as e.g. offshore wind energy converters. As part of the research work on subspace-based damage detection on offshore
structures at BAM a particular steel frame structure has been constructed and is provided as laboratory model.



The model structure is made of steel pipe components representing a scaled two-dimensional section of a jacket-type support
structure for an offshore wind energy converter. For this purpose one and a half diagonal bracings are designed between the
two legs. The upper completion is formed by an I-sectional steel beam. At the lower end the legs end in steel foot plates. With
exception of the damage sections all structural parts of the model are welded. The foot plates are screwed via a transition piece
to the floor. In the z-direction the structure is held on its head girder by a complex construction, whose two fork-like support poles
allow a movement of the structure in the x-direction.

Figure 3: Test stand for proof testing of damage identification algorithms; left: laboratory structure, middle: flange connection for damage
modeling, right: electrodynamic shaker for excitation

The lab structure is constructed such that a defined local loss of stiffness can be modeled, which complies with the require-
ments of a realistic projection of an individual fatigue crack as a damage, and the reversibility of the induced damages is assured
for the repeatability of test series. Though, cracks as damage can be induced artificially at one K-type gusset of the model
structure by loosening bolts of a flange connection. Four of such flange connections were designed, each at the four ends of the
K-type gusset. The progress of a crack-like damage is then simulated by the number of bolts that are loosened. Each flange
joint was equipped with a maximal possible number of bolts to provide a high resolution of the induced stiffness loss.

4.2.2 Measurement setup

The excitation for the tests was provided by an electrodynamic shaker. A broadband random acceleration signal with a frequency
content between 10 Hz and 1000 Hz was produced by a shaker control unit and was induced via the shaker at the top of the
structure after amplification. The shaker was equipped with a 5 kg excitation mass and the excitation direction was horizontal
and approximately 30◦ rotated out of the in-plane-direction.

Nine piezoelectric accelerometers were applied at the structure for the vibration measurements. The sensors were connected
with the structure by permanent magnets and measured in the direction perpendicular to the surface they were applied to. The
signals were amplified, recorded and stored with a 20 channel DIFA measurement unit.

4.2.3 Damage detection test

A test series was conducted to validate the reliability and sensitivity of the described robust damage detection procedure under
changing excitation. In the tests, the time signals were measured for 16.4 s with a sampling rate of 2500 Hz, which results in
40,960 data points per signal.

The damage location was chosen at the lower brace of the flange. In the reference state all bolts were screwed tight. For
inducing damage, successively 1, 2, 3, 5 or 7 adjacent bolts were unscrewed, each representing a fatigue crack of increasing
length. Thereby, the loosening of 3 bolts is comparable with a reduction of the moment of inertia by 3%, whereas the unscrewing
of 7 bolts means a loss of already 30% of the bending stiffness.

To validate the damage detection algorithm under changing excitation, three excitation (power) levels were used for each
damage state. Besides the full scale level, a reduction of 5 dB and a reduction of 10 dB with respect to the full scale level were
performed and are denoted as “Excitation 1”, “Excitation 2” and “Excitation 3” in the tests, respectively. A reduction of 5 dB



accounts for a power ratio of ≈0.31 and an amplitude ratio of ≈0.56 and a reduction of 10 dB for a power ratio of 0.1 and an
amplitude ratio of≈0.31. The full scale excitation power level was chosen preliminary in dependence of the shaker performance.
For each damage level and each excitation level, four signals of 16.4 s length was measured.

4.2.4 Results

Both the conventional damage detection test presented in Section 2.3 and the robust damage detection test under changing
excitation in Section 3 are applied to the measured data with exactly the same parameters.

Two data sets from Excitation 1 and two data sets from Excitation 3 in the reference state are used to compute the null space
S and the covariance Σ for both test variants. The tests were set up with the parameters of the block Hankel matrix p+1= q= 15
and model order n = 120, resulting in the dimension of the null space S of qr−n = 15. The mentioned data sets were separated
into altogether 1000 pieces for the computation of the covariance matrix. See also reference [6] for the numerical details and an
efficient implementation of these computations.

Then, both tests (see Equations (10) and (12), respectively) are applied to all the measured data sets in the reference and
damaged states at the three different excitation levels. The computed χ2 test values are presented in Figures 4(a) and 4(b) for
both tests, respectively, together with an empirical threshold that was set up using the χ2 test values of the reference state.

In Figure 4(a) it can be seen that the conventional test reacts strongly to different excitation levels. A decrease in the
excitation level results also in a decrease in the χ2 test value, independently of the damage. While the χ2 test values increase
with the damage size for each excitation level, this increase is not distinguishable for the different excitation levels. Only the χ2

test values of a significant damage (7 loosened bolts) all lie over the threshold that was established in the reference state. Thus,
only damages can be clearly detected with the conventional test, whose influence on the χ2 test is stronger than the changes in
excitation.

On the other side, the results of the new test in Figure 4(b) clearly show a stronger robustness to changing excitation
properties. While there are still small fluctuations of the test values in the reference state and in the states with small damage,
these fluctuations are less significant. For the damages from 3 loosened bolts on, these variations seem to be independent
from the excitation level, which validates the robustness of the new test to changing excitation. Furthermore, the relatively small
damage of only 3 loosened bolts can be clearly detected under changing excitation with the new test thanks to its robustness.
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Figure 4: Comparison of damage detection tests on steel frame structure in a lab experiment (log-scale).

5 Conclusions

In this paper, the recently developed statistical subspace-based damage detection test from [6] that is robust to changing ambient
excitation properties was successfully tested on real data from a lab experiment for the first time. In this experiment a steel frame
structure was artificially damaged by loosening bolts of a flange connection and output-only data was recorded under different
excitation levels. The new test that was designed to be robust to changing excitation properties showed much better damage



detection results in this setting with an earlier detection of damage than a previous conventional damage detection test. Since
the applied damage detection framework already proved to be feasible for real civil structures in the field (see e.g. case studies
[9, 14, 4]), the presented test robust to excitation changes should be of value for such applications, where the excitation is
ambient and uncontrolled, and where the new test is thus expected to detect damage earlier and more reliably. The application
of the new test to structures in the field is part of future work.
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ture scenarios for vibration-based monitoring of civil structures. Structural Health Monitoring, 7(2):129–142, 2008.

[2] M. Basseville, M. Abdelghani, and A. Benveniste. Subspace-based fault detection algorithms for vibration monitoring.
Automatica, 36(1):101–109, 2000.

[3] M. Basseville, L. Mevel, and M. Goursat. Statistical model-based damage detection and localization: subspace-based
residuals and damage-to-noise sensitivity ratios. Journal of Sound and Vibration, 275(3):769–794, 2004.
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[6] M. Döhler, L. Mevel, and F. Hille. Subspace-based damage detection under changes in the ambient excitation statistics.
Mechanical Systems and Signal Processing, 45(1):207–224, 2014.
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