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Abstract

In operational modal analysis, the modal parameters (natural frequencies, damping ratios and mode shapes), ob-
tained with stochastic subspace identification from ambient vibration measurements of structures, are subject to sta-
tistical uncertainty. It is hence necessary to evaluate the uncertainty bounds of the obtained results, which can be
done by a first-order perturbation analysis. To obtain vibration measurements at many coordinates of a structure with
only a few sensors, it is common practice to use multiple sensor setups for the measurements. Recently, a multi-setup
subspace identification algorithm has been proposed that merges the data from different setups prior to the identifica-
tion step to obtain one set of global modal parameters, taking the possibly different ambient excitation characteristics
between the measurements into account. In this paper, an algorithm is proposed that efficiently estimates the covari-
ances on modal parameters obtained from this multi-setup subspace identification. The new algorithm is validated on
multi-setup ambient vibration data of the Z24 Bridge, benchmark of the COST F3 European network.

Keywords: System identification, Subspace methods, Modal analysis, Multi-setup measurements, Uncertainty
bounds

1. Introduction

Stochastic subspace identification methods have been proven efficient for Operational Modal Analysis (OMA),
where the modal parameters of mechanical or civil structures (frequencies, damping ratios, mode shapes) are obtained
from ambient vibration measurements [1-4]. To obtain vibration measurements at many coordinates of a structure
with only a few sensors, it is common practice to use multiple sensor setups for the measurements. For these multi-
setup measurements, some of the sensors, the so-called reference sensors, stay fixed throughout all the setups, while
the other sensors are moved from setup to setup [5-10]. By fusing in some way the corresponding data, this allows
to perform modal identification as if there was a very large number of sensors, even in the range of a few hundreds or
thousands.

Processing this multi-setup measurement data for structural analysis is often achieved by performing eigenstruc-
ture identification for each record separately, and then merging the results obtained for records corresponding to
different sensor setups. However, mode matching may be not easy in practice, and like this the result of mode shape
gluing may not be consistent [5—7]. An empirical merging approach for covariance-driven subspace identification
was described in [8], in which Hankel matrices containing the output correlations of the different setups are combined
before doing the global system identification. While this approach has shown good results in several test cases [§—10]
and no user interaction to match modes of different setups is necessary, it is lacking some theoretical properties when
the ambient excitation properties change between the measurements of the different setups. In [11, 12], a method
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was proposed to merge and to normalize the data from all the setups, before doing the global system identification
on it in one step, while taking the possibly different ambient excitation characteristics between the measurements into
account. This method was designed for covariance-driven subspace identification and generalized in [13] to a large
range of subspace methods, including data-driven subspace methods [2]. With this merging strategy, a theoretically
sound and simple identification of the modal parameters is possible. Furthermore, the merging approach can be used
in an iterative scheme where no global Hankel or observability matrix is necessary, but the desired system matrices
can be computed iteratively setup by setup, which is a computational advantage if the number of setups is large. The
method was successfully applied for the modal analysis of large civil structures e.g. in [14-17].

All identified modal parameters are afflicted with statistical uncertainty due to many reasons, such as finite number
of data samples, undefined measurement noises, non-stationary excitation, etc. Then the system identification algo-
rithms do not yield the exact system matrices and identification results are subject to variance errors. The identified
parameters from subspace identification are asymptotically normal distributed [18, 19] and their asymptotic variance
was considered in [20]. Covariance estimates on the identified parameters have been obtained in [21-23] based on
the propagation of first-order perturbations from the data to the identified parameters. A detailed formulation of the
covariance computation for the modal parameters from covariance-driven stochastic subspace identification is given
in [23]. The current paper expands on this and focuses on the covariance computation for multi-setup subspace identi-
fication with the approach from [13]. While this approach is based on the (theoretical) construction of a global matrix
that gathers data from all the setups that can be very large in the case of many setups and sensors, the actual compu-
tation of the global matrix can be avoided and the system matrices can be obtained iteratively from the setups. The
merging strategy can be written in a modular way, where the matrices of each measurement setup can be processed
separately without the need of assembling matrices with data from all setups. As the uncertainty computation depends
on the covariance of such matrices, whose dimensions are reduced due to the modular approach but that are still huge
as they are quadratic in terms of the underlying matrices, memory problems may arise. In this paper, special attention
is paid to the size explosion of the involved covariance matrices for a high number of measurement setups and an
efficient uncertainty quantification algorithm is derived, whose computational complexity increases only linearly with
the number of setups.

The paper is organized as follows. In Section 2, some preliminary modeling and the general subspace method
are stated. In Section 3, the global merging algorithm for measurements from multiple sensor setups is explained.
In Section 4, notations and results of the uncertainty computations for a single setup obtained in [23] are recalled.
With these foundations, the covariance computation for multi-setup measurements is derived in Section 5. A new
normalization scheme for the covariance computation of the mode shapes is proposed in Section 6. In Section 7, the
resulting algorithm is applied to the output-only multi-setup system identification of the Z24 Bridge benchmark in
order to obtain confidence bounds on the modal parameters.

2. Stochastic subspace identification (SSI)

2.1. Vibration modeling

The behavior of a vibrating structure is described by a continuous-time, time-invariant, linear dynamical system,
modeled by the vector differential system

Mi(t) + Cx(1) + Kx(t) = v(1) M

y() = Lx(1)

where ¢ denotes continuous time; M, C, K € R¥ are mass, damping, and stiffness matrices, respectively; the (high
dimensional) vector x(¢) is the displacement vector of the d degrees of freedom of the structure; the external force v(f)
is unmeasured; measurements are collected in the (low dimensional) vector y(f) and matrix L € R™ indicates which
degrees of freedom are actually measured, i.e. the r sensor locations.

The parameters to be identified are the eigenvalues (or modes) u; and mode shapes ¢; of system (1), which
comprise the modal parameters, and are solutions of

WM+ pC +FOW; =0, y; = LY. )



For simplicity, the measured outputs are displacements in model (1). However, also velocities, accelerations and, in
general, any kind of sensor measurements fitting some linear system modeling can be used [3], yielding the same set
of eigenvalues and mode shapes.
Sampling model (1) at rate 1/7 yields the discrete time state space model
Xk+1 = Axk + Vi
{ Vi = C)Ck + Wy, (3)

. . T . .
with the states x; = [x(kT)T x(k‘r)T] € R”, the outputs y; = y(kt) € R” and the unobserved input and output distur-
bances v and w. The matrices A € R™" and C € R™" are the state transition and observation matrices, respectively,
with

MK -M'C

The external force v(f) and thus the state noise () in model (3) can be non-stationary and colored noise [4, 24].
Define 7™ as the number of so-called projection channels or reference sensors with r™D < r, which are a subset of
the r sensors and can be used for reducing the size of the matrices in the identification process [3].

The eigenstructure (4, ¢) of system (3) is defined by the eigenvalues and eigenvectors of A and by C:

A:eﬁ,where.[:[_ 0 ! ] C:[L 0].

(A=A4Dg: =0, ¢;=Co; )
The desired modal parameters in (2) are equivalently found in the eigenstructure (4, ¢) of (3) and it holds
ST =N, Y=g

The modal frequencies f; and damping coefficients &; are recovered directly from the eigenvalues A; by

\a + b ~100b;

= Gs—— ®

2t 7! [ ’
aiz+b?

where a; = |arctan 3(4;)/R(4;)| and b; = In|4;], R(:) and I(-) denoting the real and imaginary part of a complex
variable, respectively.

Thus, vibration analysis is stated as the problem of identifying the eigenstructure of a linear dynamic system.
Parameters of interest are the natural frequencies f;, damping ratios & and mode shapes ;.

2.2. The general SSI algorithm

There are many stochastic subspace identification algorithms in the literature, which differ in the construction of
a matrix H from the data, from which the observability matrix is obtained. See e.g. [1-4] and the related references
for an overview. Two examples are given in Appendix A. They all fit in the following general framework for the
identification of the system matrices A and C of system (3).

Let the parameters p and ¢ be given such that pr > gr™” > n. A matrix H € RPTD>a™ ig built from the
output data according to the chosen subspace algorithm, which will be called subspace matrix in the following. The
subspace algorithm is chosen such that the corresponding subspace matrix enjoys (asymptotically for a large number
of samples) the factorization property

ref)

H=0Z ©6)
into the matrix of observability
C
o¥oc A e RIP+Drn %)
car

and a matrix Z depending on the selected subspace algorithm.
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The observability matrix O is obtained from a thin SVD of the matrix H and its truncation at the desired model
order n:

H =UzV"
o s 2]
0= Uz}, ©9)
where
U, = [ul un] e RP+Drxn vy = [vl v,,] € Rqr(mﬂx", ¥, = diag{oy,...,0,} € R™",

The observation matrix C is then found in the first block-row of the observability matrix O. The state transition
matrix A is obtained from the shift invariance property of O, namely as the least squares solution of

C CA
def CA def CA2
O'A = 0, where O' = . L,OVE | . (10)
CAP™! CA?
The least squares solution can be obtained from
A=0"0, (11)

where T denotes the Moore-Penrose pseudoinverse. Note that the matrices O (from (9)), A and C are identified up to
an invertible matrix change of basis matrix 7', such that the observability matrix OT and the system matrices CT and
T~'AT may be identified. The eigenstructure (1, ¢) in (4) is invariant under this change of basis.

3. Multi-setup stochastic subspace identification

The problem of stochastic subspace identification using non-simultaneously recorded data from multiple sensor
setups was addressed in [11, 12] and generalized in [13]. Instead of a single record for the output (y,) of the system (3),

Ny records
1, 2, N,
( )(jl(f ref)) ) ( }2% rEf)) ) ( ):2(\] ref)) )
,mov ,mov e 5,MOV
' W o (12)
R [ —— [ ——
Record 1 Record 2 Record Ny
are now available collected successively. Each record j contains data y,({j’ref) of dimension 7" from a fixed reference
sensor pool, and data y}(‘”mov) of dimension 7’ from a moving sensor pool. To each record j = 1,..., N, corresponds a

state-space realization in the form [11-13]

) _ ) ()
xk‘“t) = Axk +y
y(]’re = (Cleh x;c] ) (reference pool) (13)

bimov) _ A(imov ()
y =C X;

p (sensor pool n°j)

with a single state transition matrix A, since the same system is being observed!. The observation matrix C? with
respect to the reference sensors is independent of the measurement setup as the reference sensors are fixed throughout

I'This assumption may not strictly hold in practice e.g. due to temperature variations between the measurements [25], but is necessary to obtain
meaningful global system identification results of the same structure. The following merging approach for system identification was successfully
tested on a number of real structures [14—17] where small variations between the measurements naturally happen.
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the measurements, while the observation matrices CY"™") correspond to the moving sensor pool of each setup j. The

global observation matrix is then defined as
C(ref)

C(l,mov)
C= . , (14)

C(N ;,mov)

which contains information of all sensor positions.

In order to identify the eigenstructure of system (13) on the basis of the measurements (12), the output-only
subspace algorithm of Section 2.2 is adapted. It is the aim to merge the data from the different records prior to the
identification step of the algorithm, so that the system identification steps in Section 2.2 as well as the subsequent
eigenstructure identification in (4)-(5) only have to be done once.

Local subspace matrices ) can be computed on each of the N data records in (12), which all yield factorization
property (6) with a different observability matrix O’ on the left and in general a different matrix Z on the right
side. These matrices need to be merged somehow for a global merging approach, which would be easy if the matrices
ZY) were equal for all setups j. However, there are several obstacles [13]:

o In general, the matrices ZY are dependent on different sensor sets. However, this can be solved with reference-
based subspace identification when using the same reference sensors in all setups.

e For most subspace algorithms, e.g. the data-driven algorithms in [2] as UPC, the matrices ZY have no expected
value as their size depends on the number of samples N and the initial state X9 or they are not uniquely defined
due to LQ decompositions as in (A.4).

e The matrices O and Z” might be in a different modal basis for each setup j, so that in fact OV T ;and Tj‘lf(j)
are identified with an invertible unknown change of basis matrix 7; € R™". This is also the reason why the
global observation matrix (14) cannot be obtained straightforward from a separate system identification of the
setups j=1,...,N,.

e Multi-setup measurements take place over a longer time period than a single measurement and it is likely that
properties of the ambient excitation change between the measurement campaigns. Then, the covariance oY of
the excitation noise vi’ ) may change for the different records. As Z also depends on Q. it can be different
for each record.

In [13] an algorithm is derived that takes these considerations into account. A global observability matrix OV f
O(C, A) (cf. (7)) from all the records (12) is constructed as follows:
(a) For each setup j, the local subspace matrix H‘ is built according to the chosen subspace algorithm using data
. : ‘ A T
y,(f D and y,(c"’m(’v), such that H fulfills factorization property (6) with observability matrix O([C (DT ¢ (1’"‘0")7] LA).
(b) Obtain the observability matrix O from an SVD of H?, which is truncated at the desired model order  as in

(8)-(9). Tt holds
. (ref)
O(./) =0 ([Cc(;,mov)] R A) Tj

with an unknown change of basis matrix 7';, as the decomposition of H is not unique.
(c) Select 0YD and OUmY) from the block rows of OV as

olireh ; ; ; Iy ® [Laey  Open 1]
. = pWw 0(1)’ pYw = |'r* r rel i , 15
[O(] mov) 11 ®[0,6) 00 L] (5)

where ® denotes the Kronecker product, 1, is identity matrix of size a X a and 0, is the a X b zero matrix. Note
that OUreD = Q(Ceh, A)T; and oumov) — O(C(j’m""),A)Tj.



def . .
(d) Set 0D = 01D and compute the observability matrix parts

oLimov) & (jmov) (jredt ref

which are in the same modal basis. It holds QUMY = O(CUmMY A).,

(e) Each of the matrices O™ and QU™ j = 1,..., N,, are observability matrices of the form (7) with the block rows
CD Al and CU™VIA! fori = 0, ..., p respectively. Stacking these block rows in the order C™DA?, ChmoVIAi | C(Nsmov) Ai
fori=0,..., pleads to the global observability matrix

_O(ref) PO Pgret)
O(l,mov) Pl P(-l)

o =p . , where P=| .| with P;= b (16)
OWs.mov) P, PN

and Pfj ) = (0,000 L 0,00 (p—iprn]. Matrix P is a permutation matrix.

Remark 1. Due to factorization property (6), step (d) of the merging algorithm is equivalent to

Olimov) 4 g y(jmovig y(jaeDt freh) (17)
where HY™Y) and HU™D are defined by
(jref) . .
[«Z}ij,mov)] = pWw 7_((1)’ (18)

analogously to OY™D and QU™

Finally, the global system matrices A and C are obtained from O®" in one run. From OV, the global observation

matrix C is recovered as the first block row and the state transition matrix A is the least squares solution of Q@A =
fo SN

=N SVD + basis change|| ~
Hw —>{| Oreh o)

N SVD + basis change ~
HD EE—— 0®) merging R identification |
oeh fi o, 3@

N SVD + basis change N
H(Ns) —_— OW.)

Figure 1: Merging and system identification scheme for modal analysis of multiple sensor setups.

3.1. Modular iterative computation of the system matrices

Matrices A and C can also be obtained in a modular way setup by setup: With (16) and defining the permutation
matrix P analogously to (16) but with PEJ) = [0, 1o 00 (p-iyw] only for i = 0,...,p — 1, the least squares



solution for A can be expressed as

, ’ -1 . ,
A = (O(dll)TTo(dll)T) 0T Hall

O(ref)T T O(ref)T -1 O(ref)T T O(ref)i
—(1,mov)T —(1,mov)T —(1,mov)T —(1,mov)|
|10 |10 REe |10
= P . p . P . P
— (N, mov)t — (N, mov)t —(Nymo)? — (N, mov)]
o (0] o o
N, -1 N,
— | orenTolent Z 5(j,mov)TT5(j,mov)T] [O(ref)TT orehl 4 Z OUmoNT Almov)L (19)
j=1 j=1

as PTP = I. Thus, the solution for A can be computed iteratively setup by setup by starting with K = QD17 QuehT,
L = QDT QDL and updating K = K + QUmoITQUmNT [ — [, 4 QUmoT QUmovl in each setup j, from where

—(j,mov)

at the end A = K~'L follows. Matrix C can be directly filled with the first block rows of O™ and O ,Jj =
1,...,Ns, while the setups are processed. Like this, there is no need to assemble the potentially large matrix O®" in
(16) explicitly, but one can operate directly on the matrices OUmoY) that are obtained in each setup for the iterative
computation of A and C.

3.2. Comparison to other merging approaches

Processing the multi-setup measurement data is often achieved by performing the modal parameter identification
for each record separately, and then merging the results obtained for records corresponding to different sensor setups.
However, this procedure may require significant user input for the analysis of stabilization diagrams, especially when
many setups are processed [8, 15]. Mode matching between the different may be not easy in practice for closely
spaced modes or modes that are weakly excited in some of the setups.

An empirical merging approach for covariance-driven subspace identification was described in [8], in which the
output correlations of the different setups are combined before doing the global system identification, but without
doing a normalization step as in (17) before the identification. While this approach has shown good results in several
test cases [8—10] and no user interaction to match modes of different setups is necessary, it is lacking some theoretical
properties when the ambient excitation changes between the measurements of the different setups. Then, Hankel
matrices are combined with different left factors (due to changing sensor sets) and with different right factors (due to
changing excitation). For example, assume two setups with H" = 0D ZM and H® = 0P Z?, where OV and O?
are in the same state space basis. Then, the matrices ZWU and Z@ can be different due to changes in the excitation,

and the stacked global matrix
(all) HD o z®
H™ = [(Ha)] = [0@ Z@)}

does not have a theoretically valid factorization property for the extraction of the observability matrix for the subspace
identification anymore: O') and O® cannot be extracted from H@V if ZM = Z@ Nonetheless, a matrix is obtained
from an SVD of H@V that is considered as the observability matrix in the empirical approach, and the parts in the
obtained mode shapes corresponding to each setup are rescaled in a postprocessing step with the help of the reference
sensors [8] to account for possible changes in the excitation. While this approach may still be feasible for moderate
changes in the unmeasured excitation characteristics, the considered merging approach in this paper is designed for
taking into account these changes, which was proven in [13]. It combines the practical advantages of the empirical
approach in [8] with a theoretical foundation. Furthermore, it applies to a large range of subspace methods, including
data-driven subspace methods. Also, the merging approach can be used in an iterative scheme where no global
subspace or observability matrix is necessary, but the desired system matrices can be computed iteratively setup by
setup as pointed out in Section 3.1, which is a computational advantage if the number of setups is large.

Other global merging approaches in frequency domain were proposed for maximum likelihood identification in
[26] and for NEXT-ERA in [27, 28]. For subspace identification, the considered merging approach in this paper has
been extended to frequency domain in [29].



4. Covariance computation for stochastic subspace identification of a single setup

In this section, the notations and basic principles of the covariance computations in the subsequent sections are
introduced. In particular, the concept of perturbation to compute uncertainty bounds is defined and the covariance
computation of the modal parameters from [23] is recalled.

4.1. Definitions
First, the notation of perturbation is defined. Let X be a smooth and bounded matrix function of an artificial scalar
variable, where X(0) is the “true value” of X and X(¢) is a perturbed (estimated) value of X, where ¢ is small. Thus,
the matrix can be expressed as X = X(¢) when computed from an estimated X, while X(0) is their true but unknown
value. Using the Taylor expansion
X(1) = X(0) + tX(0) + O(),

a first-order perturbation is denoted by AX aef X(0) = X(¢) — X(0) + O(#*) for small ¢. Then, a perturbation on X can

be propagated for any function ¥ = f(X) by vec(AY) = Jyx vec(AX), where Jyx is the sensitivity of vec(Y) with
respect to vec(X) and where vec denotes the vectorization operator, which stacks the columns of a matrix on top of
each other. Finally, the covariance of vec(Y) is linked to the covariance of vec(X) by

cov(vec(Y)) = Jyx cov(vec(X)) T ; X

For example, a first-order perturbation of the subspace matrix H is propagated to a perturbation of the system matrices
A and C and to the modal parameters f;, & and ¢; by deriving the respective sensitivities. The covariance of the

subspace matrix H is denoted by Xq¢ def cov(vec(H)). Its estimate g«f{ can be obtained from cutting the available
sensor data into blocks and is explained in Appendix B.1.

4.2. Covariances of modal parameters from single-setup SSI

Consider the stochastic subspace identification from Section 2.2, where the modal parameters (natural frequencies
fi» damping ratios & and mode shapes ¢;) are obtained from output-only data of one measurement setup. A first-
order perturbation on the subspace matrix H can be propagated to perturbations in the system matrices and finally to
perturbations in the modal parameters. The variances of the modal parameters can be obtained in this way and depend
on the covariance X4; of the subspace matrix. Thus, this offers a possibility to compute the uncertainty bounds of the
modal parameters without repeating the system identification. In [23], this algorithm was described in detail for the
covariance-driven SSI. A perturbation AA and AC of the system matrices A and C is connected to a perturbation of
the subspace matrix through a sensitivity matrix Jac# by

[Vec(AA)

veo( AC)] = JacH vec(AH), (20

where Jac 4 is recalled from [23] in Appendix B.2. Hence, the covariance X4 ¢ of the vectorized system matrices
can be expressed as
def vec(A) T
z:A,C = cov ([Vec(c) ) = jAC,?‘( 27’[ jACﬂ-{' (21)

As the modal parameters are functions of the system matrices A and C, a perturbation analysis yields

vec(AA)} 22)

Aﬁ = jﬁ.YAVCC(AA), Afl = jfi,AVCC(AA), A‘Pz = jz,ai,AC |:VCC(AC)

where J 1 4, Je 4 and g, ac are the respective sensitivities for each mode i and are stated in Appendix B.3. Finally,
the covariances of the modal parameters are obtained as

T
fil i Jra Oum Jra Oim
, — is s ) iz s ,
oy ([fl fj jf,-,A Ol,m A€ jg‘f_,‘,A Ol,rn

Re)| [Re)]) _ Rm[,Ac)} [R(Jw_,,AdT
COV([S(%)]’[ﬁ(w)D_ 3T ) | €| 8T yac) |

8

(23)



5. Covariance computation for multi-setup stochastic subspace identification

As the system matrices A and C are obtained differently for multi-setup measurements in Section 3 than for a single
measurement in Section 2.2, their covariance computation has to be adapted. In the previous section, their covariance
was obtained by deriving sensitivities of the system matrices with respect to the subspace matrix . Now, the global
system matrices A and C depend on subspace matrices H from different measurement setups j = 1, ..., N, and the
respective sensitivities need to be derived. As the involved matrices can get very large for many setups and sensors,
special care is taken to avoid their size explosion when obtaining the covariance X, ¢ for the multi-setup measurements
in this section. After this step, the covariance of the modal parameters can be obtained from Z4 ¢ in (23).

The covariance computation for the multi-setup case is done analogously to the single-setup case, but following the
computation in Section 3. First, perturbations A of the local subspace matrices are propagated to perturbations
A0 and AOUm) of the normalized parts of the merged observability matrix O® in (16), and second, these
perturbations are propagated to perturbations AA and AC in the global system matrices. Finally, the covariances X4 ¢
of the vectorized system matrices are computed.

The results of these derivations are summarized in this section, while the respective sensitivity matrices are derived
in detail in Appendix C.1.

Lemma 2. Small perturbations in HY) are propagated to O™ and olmov), j=1,...,N, by
vec(AO"™) = Jown g0 vec(AH™M),
vec(AO™™) = 5, oy Town g Vec(AH D) + T, 1., veco(AHY),
where the sensitivities J own gy, NG and J; 4. are defined in Equations (C.3), (C.8) and (C.9), respectively.
Proof. See Appendix C.1. O

The perturbations in 0" and oUmov) i =1, N, are propagated to A and C in the following lemma, based on
the solution for the system matrices in the multi-setup setting in (19).

Lemma 3. Small perturbations in O and olimov), j=1,..., Ny, are propagated to A and C by

N,
vee(AA) = Jy om vee(AO™D) + Z T vec(AQUmOV)),

=1

N,
vec(AC) = Jeonen vec(AOT™D) + Z T .~ vec(AQUmV),
k £+ co
Jj=
where the sensitivities J s pwen, J 0" Jcown and J co are defined in Equations (C.12), (C.13) and (C.14), respec-
tively. ’ ’
Proof. See Appendix C.1. O
Thus, a perturbation of the system matrices is the linear combination of the perturbations of all local (normalized)

observability matrices. Plugging the results of Lemma 2 into Lemma 3, the perturbations of the system matrices can
be expressed by the perturbations of the local subspace matrices and it follows

N vec(AHD)
vec(AA s )
[VCCEAC;] = ZJAC,J' vec(AHY) = [jAC,l jAC,NA] , (24)
s vec(AHM)
where
Ny
def o ST, =i
jAC,l = [gA’me:] j()(ref),’]'((l) + Z jA,?/ j@',O‘“‘D jo(reﬁ,'}{(l),
G =1 1Y co 25)
aet | T, 5 .
Jac,j = {jA’O}jO/,«Hm, j=2.
co
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From (24), it follows for the covariance X4 ¢ of the vectorized system matrices

vec(HM Y [ T Ac.

ZA,C = COoVv ([Zzzgé;]) = [jAC,l e jAC,NV] Ccov

vec(H™)) | T ke,

However, this expression is dependent on the covariance of the stacked vectorized subspace matrices of all measure-
ment setups, which grows quadratically with the number of setups and sensors and easily causes memory problems.
In the following theorem, a more efficient solution is proposed.

Theorem 4. Let T4/ = cov(vec HD, j=1,..., Ny, be the covariances of the local subspace matrices and let the
sensitivities in (25) be given. Then, the covariance of the system matrices obtained from multi-setup SSI writes as

Ny
Sac = ) TaciZno The, (26)

=1

Proof. As the data records from different measurement setups are collected at different times, they can be assumed to
be uncorrelated. Hence, the local subspace matrices H are statistically independent and it holds cov(vec HY", vec HU?) =
0 for j; # j,. Thus, it follows from (24)

2(}{(1) 0 jXC,l
Yac = [jAC,l jAC,Nx] :

0 Zpow | T ac N,

and the assertion follows. O

Note that in Theorem 4, the size of the involved covariance matrices is reduced considerably by assuming statistical
independence of the data from different setups, as only the matrices X4, j = 1,..., Ny, are needed and no cross-
covariance estimates between different setups.

Using Theorem 4, the covariance and hence the uncertainty bounds of the modal parameters can be computed as
stated in (23).

6. Mode shape normalization

As the mode shapes are only defined up to a complex-valued factor, a normalization may be chosen when evalu-
ating their covariance. In [23] the so-called unit modal displacement is chosen, where the mode shape is scaled such
that one element is unity. In this case, the mode shape ¢; yields

1
(Coik

for an eigenvector ¢; of A, where (C¢;); indicates the k-th entry of the arbitrarily scaled mode shape (C¢;). Thus, ¢; is
defined such that its k-th entry is 1. The respective covariance computation for the resulting mode shape is derived in
[23] and summarized in Appendix B.3.

However, this normalization scheme leads to a variance of zero of the k-the mode shape element, as its value is
deterministic. Moreover, the k-th value of (C¢;) needs to be clearly non-zero for normalization, thus leading to a mode
shape value with a rather high amplitude but zero variance.

In the following, a more intuitive normalization scheme is proposed, where the resulting mode shape has its
maximal amplitude of deflection, and the corresponding sensitivities for the mode shape covariance computation are
derived. Like this, the mode shape is rotated such that the imaginary part of one mode shape component is zero.

%i = Coi 27

10



Proposition 5. Let ¢; be an eigenvector of A and k be the component of the corresponding mode shape (C;) with the

. . def i .
maximal absolute value. Denote this component by s; = (Chii = tij €%, where t;; and ;. are its absolute value
and phase, respectively. Define the normalized mode shape as

~ def _iy.,
@i = e Co.

Then, a perturbation on the system matrices is propagated to the mode shape by

Ap; = I 4c [VCC(AA)] ,

vec(AC)

where the sensitivity Jg, ac writes as

i (e S N[CRTpn) R 1

- _ ik (342 | . T . T ¢i,A i r

Tg.ac = e (=i 2Coi [-I(sie]  Risiel |+ |1 L)) [ C3(Ton) S el (28)
with the unit vector e, € R" being 1 at entry k and 0 elsewhere and 4, o defined in Appendix B.3.

Proof. See Appendix C.2. 0

It is emphasized that the unit modal displacement normalization in (27) as well as the proposed normalization to
the maximal amplitude of deflection are both theoretically valid normalization schemes, while introducing different
constraints. They are applied after the global mode shape estimate is obtained from the considered multi-setup system
identification, where the full mode shape is extracted at once with all its parts correctly scaled. The associated
uncertainty computation inherits this property as well, and it is not necessary to normalize the mode shape at one of
the reference sensors to unity. The mode shape normalization does not depend anymore on the choice of the reference
sensors that stay fixed throughout all the setups. In the unit modal displacement scheme, a particular sensor has to be
chosen for the mode shape normalization, which now can be any sensor, and the variance of the real and imaginary
part of this point is thus 0. In the new scheme, the mode shape is rotated by the phase angle of the degree of freedom
with maximal absolute value, so that only the variance of the imaginary part of this point is 0. Both approaches benefit
from the global modular identification and uncertainty computation.

A summary of the computation of the modal parameters and their variances from multiple setups with the pre-
sented strategies is summarized in Algorithm 1, where matrices A and C are computed in one run. Alternatively to
Step 12 in the algorithm, the iterative computation scheme from Section 3.1 can also be used.

7. Application: Modal analysis of Z24 Bridge

7.1. The test case

The proposed algorithms have been applied on vibration data of the Z24 Bridge [30], a benchmark of the COST
F3 European network. The analyzed data is the response of the bridge to ambient excitation (traffic under the bridge)
measured in 154 points, mainly in the vertical and at some points also the transverse and lateral directions, and sampled
at 100 Hz. Because at most 33 sensors were available (counting one sensor for each measured direction), N; = 9 data
sets have been recorded, each containing the measurements from ™" = 5 fixed and 28 moving sensors, except dataset
J = 5 containing only 22 moving sensors. Like this, altogether 251 sensors were mimicked. Each signal contains
65,535 samples. In Figure 2, the model of the bridge with all sensor positions and directions is shown.

7.2. Modal analysis and uncertainty computation

In operational modal analysis, the true system order is in general unknown. A larger model order must be assumed
in order to retrieve a desired number of modes, as weakly excited modes only appear at high model orders and the
noise dynamics need to be decoupled from the system dynamics in case of colored excitation noise appearing in
practice [31]. With system identification results at multiple model orders, the identified physical system modes can
be distinguished from noise modes, as the latter tend to vary at different orders [3, 23, 32]. The identified frequencies
are plotted in a stabilization diagram against their model order. From the modes common to many models and using

11



Algorithm 1 Subspace Identification and Covariance Computation for Multiple Setups

Input: Local subspace matrix estimates H) and their covariances Sui, j=1,..., N
1: Compute OV from SVD of HV and select O™ from OV Eq. (15)
2: Compute Jown ¢y, Ja,own and T owen Egs. (C.3), (C.12), (C.14)
3. Tnitialize Jycy = [JAO™ Town g, Zac =0
" |Jcomn ’ ’
4: for j=1to Ny do
5. Separate H" into HV*D and HUmov) Eq. (18)
6:  Compute QUMOY) = G{Uimov)q{(jreD rel) Eq. (17)
7 Compute jé/,o(wﬂ’ 55,%,-), jA,Ej and jcﬁf Egs. (C.8), (C.9), (C.13), (C.14)
J\5
8 Add Jac1 =TJaci +| 7 | Tai geen Town g Eq. (25)
{j c,o’] '
Co . _ Tz _ T
9: If j > 2: Compute Juc; = [j ’j] j@','HU) and add X4 ¢ = X4 ¢ + Jac,j Zxo jAC,j Egs. (25), (26)
10: end for 0
11: Add EA,C = ZA,C + jAC,l 2(}((1) j}l"C,l Eq 25)
12: Obtain A and C from observability matrix parts and get modal parameters Egs. (11), (16), (4), (5)
13: Obtain variance estimates of modal parameters from X4 ¢ Eq. (23), (28), Appendix B.3

Output: Global modal parameters and their variances

Figure 2: Model of Z24 Bridge with sensor positions and directions.

further stabilization criteria, such as a threshold on damping values, low variation between modes and mode shapes
of successive orders etc., the final estimated model is obtained. N

Using the reference-based covariance-driven subspace method (see Appendix A), the subspace matrices H" are
computed for each setup j = 1,...,9 with the parameters p+ 1 = g = 40. The global observability matrix 0@ s then
obtained from the merging procedure explained in Section 3, which is used for the global system identification with
the generic subspace identification algorithm and the subsequent computation of the modal parameters in Section 2.
This identification is repeated while truncating at the model orders n = 1,. .., 100.

The data of each setup j = 1,...,9 was cut into n, = 200 blocks for the estimation of X4 of each setup for the
covariance computations (see Appendix B.1). Then, the standard deviations of the system identification results are
obtained from the covariance computation for multi-setup SSI in Section 5 at each of the model orders n = 1,. .., 100.
In Figure 3, the stabilization diagram at these model orders containing the natural frequencies and their standard
deviations is shown. Note that the uncertainty bounds on the estimated modal parameters can be used as another
criterion for the selection of the modes in a stabilization diagram. In Figure 3, only frequencies are plotted with the
criteria f; < 30Hz, 0.1 < &; < 10 and a threshold on the coefficient of variation of the frequencies as 10007/ f; < 1.5

12
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Figure 3: Stabilization diagram of natural frequencies with confidence intervals + o .

Table 1: Identified frequencies and damping ratios with coefficients of variation.

Mode || f;(Hz) 1000 /f; | & (%) 1000/
1 3.864 0.05 0.61 8.8
2 4.883 0.05 1.43 4.7
3 9.787 0.06 1.36 3.6
4 10.32 0.09 1.87 5.4
5 12.33 0.19 3.40 4.9
6 13.27 0.16 3.47 43
7 17.20 0.95 7.18 14
8 19.22 0.21 2.83 8.6
9 19.79 0.23 3.97 55
10 || 26.83 0.58 4.86 13

(less than 1.5%), where o, = /cov(f}).
From the stabilization diagram, 10 modes could be identified. Note that in the frequency range of 20-30 Hz

a number of modes appear that seem to stabilize in the diagram, where only the mode at nearly 27 Hz is a true
structural mode. In Table 1, the natural frequencies and damping ratios of all modes are summarized together with
their coefficients of variation in percent of the respective value. In Figure 4, the real parts of the estimated mode
shapes at their maximal amplitude are presented. The obtained system identification results are in good accordance
with previous studies and the entire set of all 10 modes could be retrieved from the ambient vibration data in this
study, e.g. in comparison to [26, 33] where some of the modes could only be retrieved from shaker data.

In Figures 5 and 6, the +207, confidence bounds of the mode shapes are shown, where the mode shape normaliza-
tion from Section 6 is used. Only one sensor row is used for the visualization, namely the front row (see Figure 2) for
vertical and torsional modes in Figure 5 and the middle row with the sensors in the lateral direction for lateral mode
2 in Figure 6. As it can be seen from these figures as well as from Table 1, only mode 7 has quite high confidence
bounds, as it is apparently weakly excited and appears only late in the stabilization diagram. In general, the uncer-
tainty bounds of the frequencies are much smaller than those of damping ratios, which is coherent with statistical
theory [34].

13
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mode 7 mode 8

Figure 4: Mode shapes of Z24 Bridge.

Finally, the confidence bounds for the mode shape normalization from Section 6 are compared to the unit modal
displacement normalization from [23] exemplarily for the first mode shape in Figure 7, where also the coefficients of
variation in each degree of freedom are shown. In (a), the proposed mode shape normalization from Section 6 is used,
where the mode shape is normalized to its maximum amplitude of deflection. In (b)—(d) the unit modal displacement
normalization from [23] is used with respect to different sensors: (b) w.r.t. first reference sensor; (c) w.r.t. sensor in
the middle peak; (d) w.r.t. sensor in the smaller side peak. In all normalization schemes, the coefficient of variation of
the mode shape parts with high amplitude are lower than of the parts close to zero, as one expects. The coefficients
of variation of the mode shapes are quite different depending on the chosen normalization scheme. For example, the
coeflicient of variation in the middle peak varies between 2—-2.5% in schemes (a), (b) and (d), while it is 0 in (c). In
the side peaks, they vary between 0-20%, reaching up to 600% at the degrees of freedom close to zero. Note that the
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mode 1 mode 3 mode 4

mode 5 mode 6 mode 7

Figure 5: Mode shapes at sensors of the front row of the bridge deck in vertical direction with 20, confidence bound.

mode 2

Figure 6: Mode shape at sensors of the middle row of the bridge deck in lateral direction with +20,, confidence bound.

covariance computation with the new scheme in (a) is less influenced by the choice of a particular sensor for the mode
shape normalization, in constrast to (b)—(d).

100 0,

mode shape amplitude

600

"'} 7400

11200 2
N

mode shape amplitude

mode shape amplitude

mode shape amplitude

Figure 7: Mode shape normalization of first mode with strategy from Section 6 in (a) and with strategy from [23] in (b)—(d), where the normalization
sensors are: (b) first reference sensor, (c) sensor in middle peak, (d) sensor in right side peak. The +60, confidence bound of the mode shape and
the coefficients of variation in % are shown.
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8. Discussion and conclusions

In this paper, a memory efficient algorithm has been derived for the uncertainty quantification of modal parameters,
which are obtained from a theoretically profound merging algorithm for multi-setup subspace identification [13]. The
design of the algorithm takes possibly different ambient excitation properties between the setups into account, while
being scalable for a large number of setups and sensors. The theoretical properties of the merging algorithm were
shown in [13] and are extended to the new associated uncertainty computation described in this paper. It has been
shown that the covariance of the system matrices is a weighted sum of the covariances of all local subspace matrices
for each setup, which can be computed efficiently and iteratively. A new intuitive normalization scheme for the
mode shape covariance computation has been proposed. The method was successfully applied on multi-setup ambient
vibration data of the Z24 Bridge benchmark. The proposed method is applicable to any kind of covariance-driven
subspace methods including frequency domain subspace methods as in [29], as well as data-driven methods [35],
provided a scheme for the covariance computation of the subspace matrix is available.

The numerical results obtained in Section 7 are comparable to similar previous studies [8, 23, 36], still exhibiting
a more automated and parameter free multi-setup approach since only one global identification step is performed
as well as only one global related uncertainty computation for all setups. No matching of modes between setups is
needed anymore. In the stabilization diagrams, the confidence bounds vary with the model order and can also be a tool
for selecting modes of high quality as well as discriminating between spurious and physical modes. Weakly excited
modes tend to have high confidence intervals, which is not surprising. These observations still have to be validated by
more experiments.

In terms of efficiency, the multi-setup covariance computation consumes less memory and is also computation-
ally more efficient than working on the full subspace matrix built from all the measurements, which would yield a
practically infeasible computation for real cases. Avoiding the computation of big matrices allows also to go high
in the model order, which is useful for analyzing weakly excited modes that appear late in the stabilization diagram.
Moreover, Theorem 4 ensures that the method will scale with more setups and sensors accordingly with little penalty.
Computation time is expected to increase linearly with the number of setups. The computation time for the reported
application (identification and covariance computation) was around 15 minutes on a desktop computer, but optimiza-
tion was not the topic of interest for this paper and may be investigated in the future.

Since the multi-setup SSI retrieves the mode shape estimates using only one global identification step and avoids
gluing mode shape parts from different setups, there are less constraints on the normalization of the mode shape
for its covariance computation with the proposed scheme in this paper. In particular, the choice of the mode shape
component for normalization in (27) in the unit modal displacement weighting from [23] (leading to zero variance of
this component) can be done on any sensor, not only one of the reference sensors available in all setups. With the new
scheme in Section 6, the mode shape is normalized to maximal amplitude, and the mode shape components with a
low amplitude show also a low absolute uncertainty and vice versa. The coefficients of variation of the components
with higher amplitude are the lowest as they are typically better estimated, while components close to zero show huge
coeflicients of variation. Both normalization schemes are theoretically valid and can be used, while the new scheme
follows a more intuitive approach.

Note that changes in the modal parameters between measurements are not considered in the merging approach, but
may be present in reality e.g. due to temperature or other environmental variations. The effect of significant changes in
the structure on the computation of modal parameters that are still meaningful in the multiple setup problem remains
to be investigated, and the pertinence of a naive fusion of the modal parameters may even be questionable in this
case. These variations are a general nuisance for system identification from multiple measurements, affecting no less
the considered merging method in this paper than other approaches. While small changes between the measurements
have not posed a problem for the considered method in [14—17], this problem as well as the effects on the uncertainty
computation should be addressed in future works.
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Appendix A. Examples of SSI Algorithms

In this section, examples of subspace matrices H are given that are related to two widely used output-only stochas-
tic subspace identification algorithms. Let N + p + g be the number of available samples and y,(:eﬂ € R"™ the vector
containing the reference sensor data, which is a subset of y; for all samples. Then, define the data matrices

: [ (ren) (refy T [ (ref)
Yg+1 Yg+2  © YN+gq Yq Yor1 + YNtg-1
yro L[ Ve Ve dwegn| e | YDy e Al
- \/ﬁ . . ’ - \/ﬁ : (A.1)
q+p+l  Yg+p+2 YN+p+q y(lref) y(2ret) y;\r]ef) |

For covariance-driven SSI [1, 3, 4], let R; &ef E(yky,(f?T) € R and the block Hankel matrix

Ri R ... R,
R Rs ... Ry
G{eov d;f : : . q (A.2)
Rysi Rpor ... Ry

be the theoretical output-correlation and subspace matrices, where E denotes the expectation operator. It enjoys
the factorization property (6), where Z is the controllability matrix. The empirical correlations are estimated from

7 T . . . .
R =+~ SN ykygf? . Another estimate of the covariance-driven subspace matrix is

HeY = YH Y. (A.3)

For data-driven SSI with the Unweighted Principal Component (UPC) algorithm [2—4], the estimate of the sub-
space matrix is defined as

ﬁdat — yw‘(yf)T(yf(yf)T)";'yf-
where T denotes the pseudoinverse. Then, factorization property (6) holds asymptotically, where Z is the Kalman
filter state matrix. With the partitioning of the thin LQ decomposition of

Y| _[Ru 0 ||O

[«V+} B [R21 Ry || 02 a4
the relation %t = R>1Q; follows, where R,; € RP+Drxar™ and 0 € Re "N Ag Q) is an orthogonal matrix, the
estimate of the observability matrix O is obtained from R, in the implementation of the algorithm, and F{42R &ef R>

is defined as a subspace matrix.

Appendix B. Details for covariance computation in Section 4

Appendix B.1. Estimating the covariance of the subspace matrix

For an estimation of the covariance X4, the data matrices Y* and Y~ from (A.1) are split into n;, blocks and
normalized with respect to their length, such that

WY =N Y Y L Y] WY =N YD Y L Y (B.1)

where each block M}' and M]T may have the same length N, with n;, - N = N for simplicity. Each block may be long
enough to assume statistical independence between the blocks. On each of theses blocks, the corresponding subspace
matrix can be estimated and used for an empirical estimation of X4;. The covariance of the subspace matrix in the
covariance-driven case follows easily from the covariance of the sample mean and was used e.g. in [23]. There, the
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covariance of the vectorized Hankel matrix (A.2) is obtained from the covariance g of the vectorized correlations

def T rel
RERT RI ... RI,| eRwwom™ g

Ef]-[cov = Sl ERS{

to reduce the size of the involved matrices, where S3 € R +Drgr=Ox(p+q)rr™ g o selection matrix that fills the vectorized
Hankel matrix 4¢°¥ with the vectorized correlations in R such that vec(H) = S 3 vec(R) and is defined as

def T T T def
S1E[STy ST, o ST,] where S14Z Lo ® [0penmacr Tpenr Opstixig—ion ] -

Let R j be an estimate of R computed on the data blocks Y7 and Y7, then R = % Z;fi . ﬁj and a covariance estimate
follows from '

i (Vec(,R\j) - vec(’ﬁ)) (Vec(ﬁj) - Vec(fﬁ))

J=1

— — — T
g = S1XgS] where Tg= ——— .
np(ny — 1)

Similarly, the estimate (A.3) of the covariance-driven subspace matrix can be used directly and a subspace matrix

. — ooy def . - - .
estimate 7’(}9"" =Y ;r v P T is computed on each data block from (B.1). Then, H¢ = % > 7—{;‘” and a covariance

j=
estimate of the covariance-driven subspace matrix writes as
— 1 b — - . . -
e = ———— Z (Vec(‘H V) — vec(H C"V)) (Vec(‘H vy — vec(ﬂcov)) .
np(np — 1) P J j

For the covariance estimation in the data-driven case, the non-uniqueness of the LQ decomposition (A.4) has to
be taken into account. Estimates for the UPC algorithm have been derived in [35].

Appendix B.2. Covariance estimation of the system matrices A and C

The covariance estimation of the matrices A and C is done in three steps: First, a perturbation A% of the subspace
matrix is propagated to a perturbation AQ of the observability matrix, and second, a perturbation AQ is propagated
to perturbations AA and AC in the system matrices. Finally, the covariances of the vectorized system matrices are
computed.

First, define the permutation

d a b

ef a,b b,a

Pap = Z Z E,®E;,
k=1 I=1

where E]‘:Ib is a matrix of size a X b that is equal to 1 at position (k, /) and zero elsewhere. For any matrix X € R%? it
has the property [22]
vec(XT) = P, pvec(X). (B.2)

Lemma 6 ([22]). Let o, u; and v; be the ith singular value, left and right singular vector of some matrix X € R™®
and AX a small perturbation on X. Then it holds

Aci = (v; ® u)) vec(AX), B; [iﬁ{] = Civec(AX),
where
B & I, —(%X C, def 1 ved, —uul)
e —(%XT L " 7 oy (ul.T ® U, - v,-v,.T))SDa,b )
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Using this result for X = 7, the sensitivity of the observability matrix is derived in [23]. Define §, < D E:’;;"l)n Tk
and it follows
vec(AO) = Jo.g vec(AH)

where Jo g € RPHDmx(prDrar™ g2
v ®u)’ BiC,
Jon = % (e Uiz'?)s, : + (22 @ [Ipiir Oprimgen])| 1 |- (B.3)
Vn ® up)" BiC,
In the next step, the sensitivity of the system matrices with respect to the observability matrix is obtained as
vec(AA) = Ja0 vec(AO), vec(AC) = Jco vec(AO),

where Jao € anx(p-*—l)rn’ Jco € anx(p+1)rn’ with

Jno 2 1,008 )~ (AT 005 1)+ (0'S, - ATO" 5 )@ (O O NPty

def
jC,O ; In ® [Ir Or,pr

and the selection matrices
def def

ST = [Ipr 0r><pr] s SJ, = [Orxpr Ipr] s (B4)
such that $10 = O, S0 = O'. Thus, the sensitivity of the system matrices with respect to the subspace matrix
Jacq in (20)—(21) writes as

_|Jao
JacH = [jc,o] JoH-

Appendix B.3. Covariance estimation of the modal parameters

In [23], the sensitivity derivations for the eigenvalues and eigenvectors of a matrix and subsequently for the modal
parameters are stated, based on derivations in [22, 37]. They are summarized in the following. Let 4;, ¢; and y; be the
i-th eigenvalue, right eigenvector and left eigenvector of A with

Api = i, XiA = ],
where * denotes the complex conjugate transpose. Then,
Ad; = Jpavec(AA), Ap; = Ty, avec(AA),
where T4 € C*7 | Jy4 4 € C™7 with
def def

1 “ i *
Taa = =@ ®x)). Tpa = (Ail, — A)' (¢,»T ®(In - ¢*X ’ ))
Xi¢i Xi¢i

Let furthermore A; & In(1;)/T = (b; + a;i)/7 be the eigenvalue of the continuous-time state transition matrix corre-
sponding to A as in (5). Let the natural frequency f; and the damping ratio & be given in (5), and suppose that the
element k of the mode shape ¢; is scaled to unity, i.e. ¢; = C;/(Ce;)i [23]. Then,

vec(AC)

Afi = Travec(AA), A& = Jeavec(AA), Api=TJyac [VeC(AA)},

where jfi,ij.f,,A S Rlxnz, j(p,-,AC € Crx(n2+rn)’ with

jf,-,A] def [jﬁ,/li] [‘R(JA,-,A)
NI Tea || 3T w0

} P j«pi,AC déf @ (Ir - [Or,k—l Pi Or,r—k]) [qu),-,A ¢,T ® Ir] s

and

[jﬁ,m] der 1 [1/(2@ 0 H%@) S H%(/l,-) S(/l,-)]eszz
VWS a1l 0 100/I47 [|-3(A)*  RADIW)|[[-F) R ’

2Note that .7, 0.+ = B+ C with the notation of [23].

19



Appendix C. Proofs

Appendix C.1. Proofs of Section 5

Proof of Lemma 2. First, define the selection matrices

i def i def
g Ureh = Ipi1 ® [Leen Open ], S (fmov) 1,1 ®[0,0 00 1] (C.1)

analogous to (15), which select the reference and moving sensor parts, respectively, from a local subspace matrix
or observability matrix O when premultiplied.

Using Lemma 6 for X = H, the sensitivity Jown 4 is obtained analogously to (B.3). Let O™ be computed
from H as described in steps (a)-(d) in Section 3, i.e.

T
7_{(1) — [Ul UO] [z(:)l E(:)O] [“;%] i O(ref) — S(l,ref)UIEl/z.
0

It follows analogously to (B.3)

AOTD = DA E 2 + ST U AR ),

vec(AO™) = Fowen g0 vec(AH™) (C.2)
with
1 v ® Ml)T BTCL
Town g = (In ® (zs“*wﬂvlzz‘”))sz D+ est L, 0| | (€3)
Vn ® uy,)” B.C,

where S, is a selection matrix as in (B.3), n; = (p + 1)(#™ + () and n, = gr™P are the dimensions of H" and B;
and C;, i = 1,...,n, are defined in Lemma 6 for X = MV, This proves the first part of Lemma 2.

For the second part of Lemma 2, choose any j € {I,...,N,} and let the dimensions of H""0 and HmY) be
ny X n3 and n, X n3, respectively, where ny = (p + DrD ny = (p + Dr? and n3 = gr™P. From (17) follows

AQUMO) — A(G{UmOV g GreF €D o (o) A (qaeDTyred) . qrylimov)p(jreDT A (reD)
and in vectorized form
vec(AQM) = (HUT 0N @ 1,,) vec(AHI™) + (O™ @ HU™V) vec(AHU0")

+ (HOUmVgUreDT @ 1y vec(AOT™D).  (C.4)

The required perturbations in this equation are developed now, starting with AHD7, The pseudoinverse is defined
with the SVD decomposition

. > 0][vT

(jref) _ 1 1
et s 2]
by HUDT = V;E71UT, where X is of size n X n, as I is asymptotically 0. Then, a perturbation on H"*D" writes as
AHEDT = AVDETUT = ViZT ACHET UT + Vi AUT). €5

Define B; and C;, i = 1,...,n, in Lemma 6 for X = YD Then, the vectorization of AU; and AV, is obtained with
Lemma 6 as

BiC,

1

vec(AUY) = (I, ® [I, Op i )Cs vec(AV)) = (I, ® [0y, I, DC, where C < | :
B\C,
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and with property (B.2) follows vec(AUT) = P, , vec(AU;). The middle term in (C.5) writes as Vi X' AE)Z; ' UT =
Y O 2y, Ao’, . After vectorization and plugging in Ac; from Lemma 6, it follows from (C.5)

vec(AHNTY = Fo eenr vec(AHU™D), (C.6)
where
T = (ULZ @ (O, 1 DC = 3" 0 2(wv] @ vit]) + (I, @ ViZT )P, a(Uy @ Iy, O T
i=1

The perturbations AHU™D in (C.6) and AHY™Y) in (C.4) are related to AP by the selection matrices in (C.1) and
it follows ' ' ' ' ' '
vec(AHY™D) = (I, ® § U0y vec(AH),  vec(AHY™Y) = (I, ® S V™) vec(AHW). (C.7)

Then, the second part of Lemma 2 follows from (C.4) by plugging in (C.6) and (C.7) as well as (C.2), with the matrices

jaj,o(reﬂ = W(j,mov)q_{(j,refﬁ ® In, (C8)
Tgi g = (HIDTOTNT @ §UmV) 4 QDT @ HI™) Ty jeeni (I, @ S D). (C.9)
O

Proof of Lemma 3. From (19) follows A = K~'L, where
K O(ref)TT ot 4 Z OLmovIT A, mov)T L O(femT()(rem + Z OUmoT A(jmov) (C.10)
J=1 Jj=1
Hence, AA = — K 'AKK'L + K'AL = —=K~"'AKA +K~'AL and it follows
vec(AA) = —(AT @ K1) vec(AK) + (I, ® K~") vec(AL). (C.11)

Let O € RP*Dr<n pe 4 placeholder for O or 0UmY) | where r = r™D or r = 1), respectively. In order to obtain
perturbations of the summands in (C.10), the perturbations A(O'"O") and A(O'TO') need to be evaluated.
LetS (Tr) and § (lr) be the selection matrices in dependence of the number of sensors r as defined in (B.4), such that

o' = S(T’)O and O! = Sir)O. Then,
A0 = AOT)S (T’)TOT + OTTS(T’)A(O).
and after vectorization and using property (B.2) it follows
vee (A0 = ((OS” & L)Pprn + (I, ® O S)) vec(AO).
Analogously, it holds
vec (AOT0Y) = (0TS & LYPprn + (1, 8O S ")) vec(AO).

Then, from (C.10) and (C.11) the assertion follows for AA, where

Taoen = —(AT@K™) ((O‘remTS(’('ef’) & L)P i + (I, ® O S%r(”ﬂ)))
+ (I, @K 1)( ONTSI™ @ 1)Pn  + (I, 0<‘°ﬂTTS<"”“>)), (C.12)
T,y = o Ye 1)(( jmov)TTS(r(”) & L)P iy + I, ®O(/m0v)TTS(r'/ ))
+ (I, ® K’l)( 0UmNT 0 @ LYP i + (I, ® O m°v>”s<’<”>)) (C.13)
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It remains the uncertainty of C. As C is the first block row of (16), its perturbation can be written as

[yaen Opiren ppiren ] _AO(reD A_o(reﬂ
[Ir(l) Or“),pr(”] AO(I,mov) AO(I,mov)
AC = ) = [S cwen Sci ... S C,N,\-] : ;
(Lo Oy ppvo ] AQNsmov) AQNsmov)
where
Or(ret)’(p+1)r(l) Or(ren,([,Jrl)r(Nx)

[I (ref) 0 (ref) (reﬂ]
! e (L0 0pn prn] 0,0 (pa1)rvs)
Or(]),(p+l)r(ref)

Sc e = : , Sci =

O o |, S, = : :

051 (p 1y
0,09 (pa1)ptred
0,09 (p+1yr) [Lro Opvn) ppns ]

and it follows

N
AC = SC,(ref) AO(l‘ef) + Z SC,J’ Ao(j,mov).
=1

Vectorizing this equation leads to the assertion for AC with the matrices

jC,O('e“ =I,® SC,(ret): jcaf' =I,® SC,j- (C.14)

Appendix C.2. Proofs of Section 6
Proof of Proposition 5. From the definition of ¢; follows

AQ; = AT9)Cep; + e U A(Cpy)
= —ie7% C; Ay + e A(CH).

Consider the phase a;, which is obtained from the real and imaginary part of s;; using the arctangent function and it
follows

A (arctan(3(s;x)/ R (six)))
i (=3(si)AR(si0) + R(s:0AT (s5:0))
77 (~3(sief AR(C) + Rsi)e] AD(Ce))

3 [—S(Si,k)ez %(Si,k)elz] [i?((gg;))] '

A(l,‘,k

Plugging this result into the perturbation on g; yields

AG; = 7 (=it 2Cg; [-F(sidel  Risyel |+ 1, iL,]) [A%(C‘ﬁ")} .

A3(Co)
From
A(C¢i) = AC ¢ + CAg;
= (¢! ®I,)vec(AC) + C Ty, 4 vec(AA)
where Jy, 4 is defined in Appendix B.3, follows

MG = e (=i 20 [-S(siel Risoel | +]1 i) [ij"”‘“) WW@”] [VGC(AA)],

C3(Fpn) 3@ ®I, ||vec(AC)
from where the assertion follows. -
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